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Abst rac t - -Th is  paper provides a new result on the asymptotic estimate for the expected number 
of K-level crossings of a random trigonometric polynomial al cosx + a2 cos 2x + ... + an cosnx, 
where aj, j = 1,... ,n, are independent random variables with mean 0 and variance 1. It is shown 
that in the case of K = O(n 3/4) the actual error term is the same as in the case of K = 0 and is 
equal to O(1). (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Suppose al(w), a2(w) , . . . ,  an(w), where w E ~t, is a sequence of independent,  normal ly distr ibuted 
random variables defined on a probabi l i ty space (t2, A, Pr) with mean 0 and variance 1, and t:hat, 
simultaneously, these variables are the coefficients of the random tr igonoraetr ic polynomial  
n 
Tn(w,x) =_ T(x) = E aj(w) cos jx. (1) 
j=l  
The study of the number of real zeros for random tr igonometr ic  polynomials was commenced 
by Dunnage [1] who showed that  in the case of identically distr ibuted coefficients with mean 0 and 
variance 1 in the interval C 0, 27r), all of T(w, x) have 2n/v~+O{n n/13 (log n) 3/13 } real zeros, when 
n is large, apart  from an exceptional w-set. The measure of this set, as it has been shown, does 
not exceed (log n) -1. Later Das [2] improved this result by commencing the study of the expected 
number of real zeros and introducing a new error term equal to 0(nl/2). In a subsequent work 
by Wilkins [3], it was shown that  the actual error term is O(1). Simultaneously, Farahmand [4] 
obtained a more general result for the K-level crossings of a random tr igonometr ic  polynomial, 
that  is, the expected number  of solutions of the following equation: 
T(w, x) - K, (2) 
which is ENK = 2n/x/3+ 0(n3/4), where K = 0(n3/4). A comprehensive r view of related work 
concerning, for example, other assumptions on the distr ibutions of the coefficients, or the number 
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of maxima or minima of T(x), is given in [5] and a recent book by Farahmand [6]. From the 
latter, one could obtain an interesting comparison of the random trigonometric polynomial given 
in (1) and the more extensively studied random algebraic polynomial Y~-j~=I aJxj" It is interesting 
to note that in the algebraic ase Wilkins [7] managed to obtain the error term involved in the 
asymptotic value to some degree of accuracy. An ingenious approach suggested in the work [3] 
impelled us to prove that the actual error term in paper [4] is O(1) when K = 0(n3/4), or in 
other words, to prove the following result. 
THEOREM 1. If the coeft~cients ai(w), j = 1,. . . ,  n, o f t  he polynomial 
n 
T(w,x) = E aj(w)cosjx 
j= l  
are independent, normally distributed random variables with mean zero, and variance one, then 
the expected number of K-level crossings of equation (2), where K = 0(n3/4), is equal to 
2 
ENK(O, 2zr) = --~ n +O(1). 
V5 
2. PREL IMINARY ANALYSIS 
In order to prove the theorem, it is necessary to introduce some auxiliary results. An ordinary 
apparatus of a Kac-Rice formula [5] for calculation of roots of a polynomial shall be used together 
with extensions for K-level crossings proposed by Farahmand [6, pp. 75-76] as 
ENK (0, 2z 0 = I1 (0, 2Ir) +/2 (0, 2~r), (3) 
where 
11(0, 2~) = ~-~ exp 2A2 dz (4) 
and 
fo 2~ x/~ lCKI 12(0, 27r) = irA3 
Z 2 
- -  exp {--~-~-} err { CK v/.~ A A } dx. (5) 
The function eft(x) is defined as, see also [6, p. 18], 
/0 ( ) eft(x)= exp(-t2)dt= v~¢ xx/2 x/~ 2 
It is required, for example, [6, pp. 73-75], for the quantities in (4) and (5) to be defined as 
follows: 
?7, 
A 2 _-- var(T(x)) = ~ cos 2 ix, 
j= l  
n 
C -- cov(T(x), T'(x)) = - E j  sinjx cosjx, 
j= l  
n 
B 2 -_- var(T'(x)) : E j  2 sin2 jx, 
j-----1 
A = A2B 2 - C 2. 
(6) 
From [3], we will need the explicit representation A 2, B 2, C stated in the following lemma. 
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LEMMA i. It/s true that 
4A 2 = (2n -F 1)go + gl, (7) 
8C : (2n + 1)2h0 + (2n + 1)hi + h2, (8) 
48B 2 = (2n + 1)3ko + (2n + 1)2kl + (2n + 1)k2 + k3, (9) 
if the quantities go,g1, ho, hi, h2, ko, kl, k2, and ks are defined so that 
f 
l/2 
go = 1 + z -1 sin z = 4 cos 2 zy dy, (10) 
,JO 
gl = -2  + f(x) sin z, f(x) --= csc x - x -1, (11) 
ho = dgo f /2 
- -'~-- =4 ysin2zydy = -z - l cosz+z-2s inz ,  (12) 
J 0  
hi -= - f (x )  cos z, h2 = - f ' (x)  sin z, (113) 
ko = 1 - 3 dh° ~n 1/2 dz ----48 y2s in2zydy=l -3z - l s inz -6z -2cosz+6z-3s inz ,  (:14) 
kl = -3 f (x )  sin z, k2 = -6 f ' (x )  cos z - 1, ka = 3fU(x) sin z, (15) 
and 
z = (2n + 1)x. 
It is a consequence of a simple mathemat ica l  induction that 
4A 2 = 2n - 1 -F csc x sin z. 
The validity of (7), together with (10) and (11), is now obvious. The validity of (8) together 
with (12) and (13), and of (9) together with (14) and (15), follows at once from the observations 
that 
dA 2 
2C-  
dx ' 
48B 2 =24E j  2 -24  aw =(2n+1)  3 - (2n+1) -24  a~ 
dx dx" j=l 
For future reference on the properties of the function f(x) in (11), we shall allude an interested 
reader to [3; 8, pp. 75, 804, 805]. 
3. PROOF 
We commence the proof of the theorem with estimation of the first integral in (3), or, what is 
the same, of the integral (4), 
/o 2~ { K2 B2 I1(0, 2~r) = A exp ~ j dx. 
The first objective is to get a majorant for the fraction A/A  2. From (6)-(9), and some tedious 
manipulations yield the following: 
A / (2n-F  1) 3 2n (16) 
for all sufficiently large n. 
Our task now is to evaluate the exponent's index in (4). To this end, we should quote anotheI 
result from [3, p. 854]. 
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LEMMA 2. It is true that 
192 (A2B 2 - C 2) = (2n + 1)4f0 + (2n + 1)3fl + (2n + 1)2f2 + (2n + 1)f3 + f4, 
i f  the quantities fo, f l ,  f2, f2, and f4 are defined so that 
fo = goko - 3h 2, f l  = gokl + glko - 6hohl, 
f2 = gok2 + g lk l  - 3h 2 - hohl, f3 = gok3 + glk2 - 6hlh2, 
./4 = glk3 - 3h 2. 
The validity of this lemma might be shown by a straightforward calculation, based on equations 
(7)- (15) .  
An induction of the results obtained in Lemma 2 and equations (7)-(15) gives 
B 2 B 2 1 
A---5 = A2B 2 _ C 2 <- (2n + 1------~" (17) 
It is now possible to show that from inequality (17), assuming that K = O(n 3/a) (from Theo- 
rem 1), and expression (16) together with (4), 
I1(0, = + o(1). (is) 
In order to complete the proof of the theorem, it remains to show that in equation (3), the 
integral 
I2(0, 2~) = --/o2~ 7rA---~-exp {-2-~ } erf { ~ } dx ICKI K 2 
is 0(1) for large enough n.  Observe that for any x, the function 
eft(x) < V~ 
- -  2 : 
and that (from [6, p. 75], for instance) 
C =-2~xxl d (A2) = AA' ,  where as usual A' = dAdx" 
Finally, it is easy to show that if u is defined as 
K 
"U=7~ 
then 
KW KAA'  
du = - - -~-  dx = ~ dx 
and 
u(O) = O, u(2~-) = I.  
Now, with the change of variables, the integral (4) can be rewritten as 
/o / I2(0, 1) = exp -- du. 
(19) 
(20) 
Assuming that K = O(n 3/4) (from Theorem 1) and substituting it into (19), and an obvious 
induction onto (20) gives 
/2 = 0(1). (21) 
We are now in a position to summarize the results obtained in (18) and (21), 
ENK(O, 2~r) = -~3 n + 0(1). 
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4. REMARK 
Working on this paper, we noticed that it could be possible to extend the result further. Using 
Wilkins' approach, one may try to obtain an asymptotic estimation for the K-level crossings 
when K is a function of n, although it may increase the error term involved in the final result 
for ENk(O, 2~). 
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